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ABSTRACT

We estimate exponential sums with additive character along an affine va-
riety given by a system of homogeneous equations, with a homogeneous
function in the exponent. The proof uses the results of Deligne’s Weil
Conjectures II and a generalization of Lefschetz hyperplane theorem to
singular varieties. We apply our estimate to obtain an upperbound for
the number of integer solutions of a system of homogeneous equations in
a box. Another application is devoted to uniform distribution of solutions
of a system of homogeneous congruences modulo a prime in the following
sense; the portion of solutions in a box is proportional to the volume of
the box, provided the box is not very small.

1. Introduction

This paper is devoted to the study of exponential sums of “homogeneous” type,
and to their applications. In the first part we consider exponential sums along
an affine variety given by a system of homogeneous equations, with a homoge-
neous function in the exponent (Section 3). Such a sum is often computed in
terms of the number of points on the corresponding projective variety and on its
hyperplane section (Lemma 3.1). To estimate it we obtain a version of Lefschetz
hyperplane theorem valid on singular varieties (Theorem 2.1). To the best of
our knowledge, this theorem, though its proof follows the proof of the classical
Lefschetz theorem (see, e.g., [15], VI.7.1), does not seem to exist in the litera-

ture. The defect to which the classical Lefschetz theorem fails is measured by
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the dimension of the singular locus of the hyperplane section. Appealing to the
Weil Conjectures II we obtain bounds for exponential sums which hold without a
non-singularity condition (normally indispensable if one uses Deligne’s formalism
[5], cf. [3], 8.4, [12], 5.1.2, [1], 4.20, [13], 5.7.0).

Bounds of this kind can be used in various diophantine problems, notably in
estimating the number of integer solutions of a system of homogeneous equations
in a box, e.g., via the circle method of Hardy-Littlewood. This method gives
an expression for the leading term, but it applies only if the number of variables
is large in comparison with the number of equations and their degrees (cf. [16]
and references therein). A simpler approach was suggested by Heath-Brown ([9],
Appendix 2). Although less powerful, it has the advantage that the analytic
part is more or less reduced to the Poisson summation formula, and that one
encounters only exponential sums of prime modulus. The method results in the
statement that the number of points in the square box of size a is at most a® for

a certain 8 > 0.
By a similar argument, Fujiwara ([7], Thm.1) proved that the solutions of a

system of homogeneous congruences modulo prime p are uniformly distributed
in the following sense: the portion of solutions in a box is proportional to the
volume of the box, provided its size is at least p” for a certain 4 > 0.

In the second part of this paper we employ the techniques of Heath—-Brown
and Fujiwara, using the estimates of exponential sums obtained in Section 3.
To estimate 8 and vy we need to know “how many” hyperplane sections of our
variety have singularities of given dimension. We summarize some information
of this kind in Section 4, where the most general bound follows from the work
of Zak {18]. The proofs of Theorems 5.1 and 5.2, where the bounds for the
number of solutions in a box are deduced, closely follow the corresponding proofs
in [7]. We reproduce them for the sake of completeness. However, now we are
in an advantageous position with the results of Section 3 and 4 at our disposal.
Consequently we improve and generalize the previous results ([9], App.2), (14],
[2], [6], [7], [17] to (absolutely irreducible) varieties that need not be complete
intersections, and may be singular, in other words, to (almost) arbitrary systems
of homogeneous equations with integer coefficients.

We previously used the method of this paper for complete intersections [17],

where the bounds can be made more precise.

This work has benefited from helpful discussions with Nicholas Katz and
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Feodor Zak. I am grateful to Igor Shparlinskii and Serge Vladut for their in-

terest in this work.
I would like to express my gratitude to University of Puerto—Rico, University
Paris-7, and the Mathematical Institute of the Technical University of Denmark,

where parts of this work have been carried out.

2. A Generalization of Lefschetz Hyperplane Theorem to Singular
Varieties

In this section k is an algebraically closed field. Let V' be a vector space over k,

dim(V) = N, and let P = P(V} be the corresponding projective space.

Let X C P be a closed irreducible scheme. We are interested in the following
question: how different is the cohomology of X from that of the intersection of
X with a hypersurface? Applying the Veronese embedding if necessary, we can
restrict ourselves to considering hyperplane sections. So let us fix a linear form
f € V* Let H C P be a hyperplane given by f = 0, and let Xy = XN H
be the (scheme-theoretic) intersection of X and H. Let us denote by Sing X
the minimal subscheme of X such that X \ Sing X is regular. Let n = dim(X),
s = dim(Sing Xy). We can assume without loss of generality that X is not

contained in H. Then s < dim(Xg)=n—1.
We consider étale cohomology with coefficients in A = Z/¢™Z, where £ is a

prime different from char (k).
THEOREM 2.1: Let X be irreducible and not containedin H. Forj >n+s+1

there are canonical isomorphisms
®; : H(Xpu,A(-1)) —— HIT(X,A).
If s < n —2 there is also a canonical surjection
Bnys: H*( Xy, A(-1)) » H* (X A).
If X and Xy are regular, ®; are the Gysin maps.

Proof: Let U = X\ Xy, W = Xg\Sing Xy, V = X \(Sing X USing X). Note
that H N Sing X C Sing Xy, therefore W C V, V\ W = U \ Sing X. Consider
the natural embeddings:

Xu i, ox U,
Sing Xy —— Xg + i W,
W YL v L v\w
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For a sheaf F' we define
dimsupp(F'} := sup{dim(z)|F, # 0},
where £ — X is a closed point. It is clear that
R°jAu =Ax, RYy.Ay=17RijAy, ¢21

Let us remark that i : W < V is a closed embedding of smooth schemes.
By the purity theorem for the smooth pair (W, V) of codimension one (cf. [15],
V1.5.1 and VI.6.1) we have a canonical isomorphism:

i""R'jIAv\w = A(-D)w.

We can compute this sheaf locally in any neighbourhood of W, for instance, in
X \ Sing Xy = WUU. Thus we obtain

(2.1) 7"i*RYj Ay = A(-w

Likewise, it follows from [loc.cit.] that j'*i*R9j,Ay = 0 for ¢ > 2. By the affine
Lefschetz theorem (cf. [15), VI 7.3) we have dimsupp(R?j.Ay) < n — ¢, hence
dim supp(R%j.Ay) £ min{s,n — ¢} for ¢ > 2. This implies

(2.2) H?(X,R%j,Ay) =0, p>min{2s,2n—2g}, ¢>2.

Counsider now the Leray spectral sequence for the morphism j : U — X,
whose E, terms are of the form -

H?(X,R%j.Ay) = HPYY(U,A).
By (2.2) we obtain the long exact sequence

H™"*(Xp,i*RljAy) ——  HPHH(X,A)  —— HYHH(U,A)

_ H"+’+1(XH,i‘le‘Au) —_

By the theorem on cohomological dimension of affine vareties (cf. [15], VI. 7.2) we
have HY(U, A) = 0 for ¢ > n. Since s > —1 we obtain the canonical isomorphisms

(2.3) &, : HY(Xg,i*R'j,Ay) —=— H™2(X,A), ¢>n+s+]1,
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and the canonical surjection

(2.4) Bnts: H'H( Xy, i* R jAy) - HYHP2( X, A).

Ifi: Xg — X is an embedding of smooth varieties, then (2.1) reduces to

i*R'j.Ay = A(=1)x,. Now s = —1, and we get the classical Gysin isomorphisms
HY(Xpg,A(-1)) —— H™(X,A), ¢2n,

and the classical Lefschetz hyperplane theorem follows. In the singular case we

must do some extra work.
Let us show that

(2.5) HY(Xg,i*R'j,A) = HY( Xy, A(-1)), ¢>2s+2.

Consider the two long exact sequences in cohomology with compact supports:
— H97(Sing Xpr, A(-1)) — HI(W, A(-1)) = HI(Xn, A(-1))

— H?Y(Sing Xg,i""*R'j, Ay) = Hg(lLV,j”*i‘le.AU) — HY(Xy,i*R'j.Ay)
where the vertical isomorphism comes from (2.1). Since dim(Sing Xg) = s, we
obtain (2.5).

Now note that s < dim(Xyg) = n—1, hence 23+ 2 < n + s+ 1, and we
can put together (2.3) and (2.5) to get the first claim of the theorem. If s <
dim(Xg) — 1=n — 2, hence 2s + 2 < n + s, then our second claim follows from
(2.4) combined with (2.5). B

Remark: A slightly different proof may be given using the theory developed in
SGA 7, Exposé 1, especially, Cor. 4.3 (cf. the proof of Thm. 2.3 of [17]).

COROLLARY 2.2: Let X be irreducible and not contained in H. There are canon-

ical isomorphisms
®;: H(XH,Qu(-1)) —— HI*Y(X,Qp), j>2n+s+1.
If s < n —2 there is a canonical surjection
Prts s H'H (X g, Qe(-1)) = H** (X, Q).

Let us note than if k is an algebraic closure of a finite field Fy, and X and H
come from schemes defined over F,, then the maps &; commute with the action

of the Frobenius endomorphism.
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3. Exponential Sums of “Homogeneous” Type

Let ¢ be a prime power, ¢ = p", F, be the field with ¢ elements. Let k be an
algebraic closure of F;. We keep the notation of Section 2, except that we now
assume that all objects are defined over Fy, unless otherwise stated. Let Y ¢ AN
be the affine cone over a projective variety X C PN~1, and Y (F,:) be the set of
F,i—points of Y. Let G be a form of degree d with coefficients in F;. For each ¢ fix
a nontrivial additive character x; : F,i — C*. We are interested in the following
exponential sum:
Si(Y,G) == E x:(G(z))
€Y (Fi)

We shall refer to S;(Y, G) as to a “homogeneous” exponential sum. The condition
that G and the defining equations of ¥ are homogeneous, is fairly strong, as
revealed by the following elementary

ProrosITION 3.1 ([17], 3.1): Let X¢ be the intersection of X with the hyper-
surface given by G(z) = 0. Then for i such that ¢'—1 is coprime with d = deg(G),
and for any non-trivial additive character x; : Fgi — C*, we have

(3.1) SiY,G) = ¢'#Xo(Fy) — #X(Fyi) + 1.
Proof:
S,&)=1+(¢ -1 Y > x(G(ta))
t€F ; z€Y(F:)\{0)
=1-(¢' - 1) (#Y(Fs) - 1)
+@-D7TY Y x(t6@)

t€F i z€Y (F,i)\{0}
=1-#X(Fy)+ ¢'#Xc(Fgy). W

Note that under the assumptions of this proposition S;(Y,G) is an integer
which does not depend on the choice of the character x,. The proposition is not
true without the assumption (d,¢' — 1) = 1. For instance, let i = 1, N = 2,
X =P, Y =A? G(z,y) =29 —y?7!. Then

Si(A%, 20—y = |14 (¢ - I)x, (D)%

Let us introduce some more notation. Define Xg = X N {G = 0}. Let X be
the variety obtained from X by extension of the ground field to k, X = X XF, k,
and similarly, X ¢ = X¢g Xy, k.
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THEOREM 3.2: Let X C P be an absolutely irreducible projective variety of
dimension n over Fg, and Y the affine cone over X. Let G be a homogeneous
form in N variables with coefficients in F, of degreed, (d,q—1) = 1, not vanishing
identically on X. Then for i such that (d,q¢' — 1) = 1, we have

(3.2) ISi(Y,G)| < Cg*™ ™,

where s = dim(Sing Xg). The constant C' depends only on the topology of X
and Xg:

n+s n+s—2
(33) C <Y dimg, (H/(X,Qu) + Y dimg, (H/ (X, Q).
Jj=0 j=0

Proof: By the Grothendieck trace formula (cf. [15], V1.13.4) we have
2” . . b m—
#X(Fy) =) (1P Tr(F|H (X, Q)

j=0

where F is the Frobenius endomorphism. Likewise, for X we have

¢ #Xc(Fys)=4' E (-1 Tr(F|H (X 6,Q)) =
n-2
= _Z(—1)"Tr<F‘|Hf(YG,Q,(—l)))-

It follows from Corollary 2.2 that for j > n 4+ s+ 1 we have
Tr(F'|HI(X,Qq)) = Tr(F'|H (X, Qu(-1))).

According to ([4], 3.3.1) the eigenvalues of F* on H/(X, Qq) are algebraic numbers
whose absolute values (with respect to any complex valuation) are at most g%/ ?,

Now the theorem follows from Proposition 3.1 and Corollary 2.2. |

The bound (3.3) is certainly very rough. One may hope that the theorem is
true without the assumption (d,¢* —1) = 1.

Let us consider a particular case of the above result.
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COROLLARY 3.3: If X = PN-1 Y = AN then for i such that (d,¢' — 1) = 1, we

have

(3.4) ISAN,6) = Y x(GX) < o TR
z€(F )N

where C depends only on the topology of Z, where Z C P is given by G(z) = 0;
s = dim(Sing Z).

If (d,p) = 1, and G has no singular point, that is, 3G/0z, = ... = 8G/dz, =0
has no solutions for (z1,... ,2,) € k™ \ {0}, then s = —1, and we get the bound
with the same exponent as that of Deligne ([3], 8.4). As an easy example shows, if
we fix s = dim(Sing Z), the exponent in Corollary 3.3 is in a sense best possible.

Example 3.4: Let G(z1,... ,zn8) = G1(z1,... ;,2N—r—1) be a form which actu-
ally contains only variables z;,... ,o§y—r—1. We further assume that the projec-
tive hypersurface Z; in PNV~—"=2 given by G1(z1,... ,ZN~r-1) = 0 is non-singular.
In other words, Z C PN¥~! given by G(z1,...,zn) = 0 is a cone with the ver-
tex P" over the non-singular N — r — 3-dimentional variety Z;. In particular,
s = dim(Sing Z) = r. We have (under the usual assumption (d, ¢ — 1) = 1):

S.’(AN, G) — qi("H)S.'(AN_’-l, Gl)

— qi(a-{—l)(qi#zl(Fr_) _ qi(N—a—Z) _ qi(N—a—3) —_- = qi)
= ¢ DN =S Tr(FHHN 2320, Q).

where H)[#7%(Z,,Q) is the primitive part of HN=*=3(Z,Q,). By [3] the
eigenvalues of F* on H¥~*=3(Z,Q,) have complex absolute values gV =2=3)/2,
thus in general it is not reasonable to expect an exponent in Corollary 3.3 better
than iﬁ,‘%ﬂ.

Other corrollaries from Theorem 3.2 can also be deduced, for example, homo-
geneous singular analogs of [12], 5.1.2.

In case of varieties given by equations with integer coefficients, the bound (3.2)
holds for all but a finite number of primes.

Let us consider an absolutely irreducible affine variety ¥ C Ag defined by a
system of homogeneous equations with integer coefficients

(35) Fl(zl,...,l‘N)=...= m(zl,...,ZN)=0.
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We denote §; := deg(F;), i = 1,... ,m. Let G = G(z1,... ,zn) be a form of
degree d with coeflicients in Z, not vanishing identically on Y. Define Yg C Ag
by the equations

(3.6) G(zy,...,2n) = Fi(z1,... ,en) = ... = Fp(zy,... ,an) = 0.

Sing Y denotes the singular locus of Yg.

THEOREM 3.5: There exists a constant C = C(N;d;é1,... ,6m), and a finite
set B of primes depending on the forms G, F,,... , Fy,, such that for any prime
power p*, p & B and (d,p* — 1) = 1, and for any non-trivial additive character

X; : Fpi = C*, we have

-dim(Y)+dim(Sing Yg)
(3.7) I Y x(G@) < eV £,

z€Y (F,:)

Here the sum is over z € (Fp: )V satisfying (3.5).

Proof: It will be convenient for us to consider the corresponding projective
varieties X C Pg =1 (respectively, Xg C Pg ~1) given by (3.5) (respectively,
(3.6)). Let dim(X) = n, dim(Sing X¢) = s. Then the right hand side of (3.7) is
Cpiﬂ‘%ﬂ.

Let us fix a prime £. In the natural way, X extends to the scheme X C PIZV -1
given by (3.5). Then X, = X xz F, is “the reduction of X modulo p”. There
exists an integer L, £|L, large enough such that ¥ xz Z[L~!] is flat over Z[L™!]
with absolutely irreducible fibres. This implies that dim(%,) = dim(X) = n
for p JL. In the same way, let X be the subscheme of X given by (3.6). Let
X6, = X6 xz1-1] Fp. We can enlarge L so that Xg is flat over Z[L™'], hence
dim(Xg p) equals the dimension of the generic fibre X¢ of Xg, that is n — 1.
This provides that the reduction of G modulo p does not vanish identically on X,.
Consider also the subscheme Sing Xg C X¢ given by adding to (3.6) the equations
describing that the rank of the Jacobian matrix of (3.6) is less than N —n. Clearly
X \ Sing X is smooth over Z[L™!]. Let SingX¢,, = Sing Xa xzir-1) Fp. Once
again we enlarge L so that Sing X¢ is flat over Z[L™}}, hence dim(Sing X¢ ) =
dim(Sing X¢) = s. Finally, we choose B as the set of primes dividing L. Now it
remains to apply Theorem 3.2 to ¢ = p', X, xg, Fy, and X¢,, x¢, Fy, and to use

the following lemma. ]



368 A. SKOROBOGATOV Isr. J. Math.

LEMMA 3.6: Let £ be a prime. Let X C P = Pf’"l be a closed subscheme
defined by the vanishing of m forms of degrees 81,... ,6m, over an algebraically
closed field k of characteristic different from . Then there exists a constant C
depending only on N and §y,... ,6n, such that dimg, H'(X,Q¢) < C for any
t>0.

Proof: Letr; = (6';117 N 1), and let A7’ be the scheme parametrizing homogeneous
polynomials of degree §; in N variables. Consider the “universal” polynomial of

degree 6;:
= —— . a a
Zi(z1y... ,2N) = E €isay,.. . an®] - TN,

here £i.q,,... oy for a1+...+an = §é; are coordinates in Az'. Let r:=ri+...4rp,
A7 := A7) x ... x A7". Define R C Pg ~1 x A} to be the scheme given by
Z1=...=Em =0. Let 7 be the natural projection R — Aj. Let z — A be
the closed point such that X is the fibre of 7 at z, R, = X. By the finiteness
theorem (cf. [15], VI.2.1) R'7,Qq is a constructible sheaf. By the proper base
change theorem (cf.[15], V1.2.5) we have (R'7.Q¢). = H'(X,Q). We have
Ri7.Q,=0fori > 2(N - 1). It remains to choose C' as the maximum of the
dimensions of the fibres of Rin,Qq. | |

4. Singularities of Hyperplane Sections

In this section we work over an algebraically closed field k. Let X C P = PN-!
be an irreducible projective variety not contained in a hyperplane. We shall
summarize our knowledge concerning the following questions:

1) How singular a hyperplane section Xz = X 0 H can be?

2) What is the dimension of the set of hyperplanes H when the number

dim(Sing X ) is fixed ?

With this purpose in mind, let us introduce some notation. Let P = PN-1
be the dual projective space. For i > —1 define Z; to be the closed subset of P
consisting of hyperplanes H C P such that

dim(Sing X5 ) > 1.
In particular, if X is smooth, Zj is no other than the dual variety X. Let us define

d; := dim(Z;), o := max{i|Z; # 0}. Thus ¢ is the maximal possible dimension
of Sing Xy. The following parameter of purely geometric nature contains all
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geometric information about X which we shall use in the arithmetical applications

. 1fn—:2
o(X) = _:g?;,a{d..ﬂ}-

In this section we obtain some lower bounds on a(X) via upper bounds on o

in Section 5:

and d;. We start with some elementary remarks.

LEMMA 4.1:
(a) If X is smooth, then d; < N —1 — 2.
(b) Assume that Sing X # 0, m = dim(Sing X). Then
d; <min{N —1,N+m—1i-2}.

Proof: Consider the following diagram:

P2 _PxP 22 F

U U U
Xe— T — 7,

where w; and m; are the natural projections, T is the set of pairs {(z,H)|z €
X,H € P,z € SingXy}. In particular, 7;'(H) = SingXy. We have Z; =
72(T), Z; = {H € Zo|dim(nr;'(H)) > i}, thus dim(Z;) + ¢ < dim(T). So
let us compute dim(T). If z ¢ Sing X, then dim(x;{'(z)) = N —n — 2, thus
dim(7;7 (X \ Sing X)) = N — 2. This proves (a). On the other hand , for
z € Sing X we have dim(n;!(z)) = N —2, hence dim(r; }(Sing X)) = N —2+m,
and (b) follows. |

A general restriction on ¢ follows from a powerful theorem of Zak ([18], 2,
Cor.5):

(4.1) c<N-n+m-1

LEMMA 4.2: Assume that X is smooth, and dim(X) = N — 2. Then

di<N-i-3, i>L

Proof: For a smooth X, T is a PN-"=2_bundle over X, in particular, T is
irreducible. We have Zy # Z,, otherwise

dim(T) = dim(n;(Z,)) = dim(r;'(Z1)) 2 1 + dim(X) = N - 1.
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Thus 7; (2, \ Z1) is a non-empty subset of T, but since dim(X) = dim(T),
we must conclude that it is open. It follows that dim(7;?(Z;)) < N — 3, hence
t+dim(Z;,) < N—-3fori>1. 1

Not for every smooth X the dual variety X is a hypersurface. For instance,
if X is the Grassmannian G(2,2n + 1) with its Pliicker embedding, then X is of
codimension 3. See [10] for a formula for dim(X) in terms of the Chern classes
of X.

I have learnt the following nice lemma from F. L. Zak (cf. [11], Appendix,
Thm. 2).*

LEMMA 4.3: Let X be a complete intersection, then o < m + 1.

Proof: It is known that a hyperplane section of a smooth complete intersection
can have at most isolated singularities [8]. This proves the lemma in the smooth
case. In the singular case, take a projective subspace L C P, codim(L) =m+1,
in general position, that is, not contained in H, and such that dim(LNX)=n—
m—1, LNX is smooth, dim(LNSing X ) = dim(Sing Xg)—m—1. Then XgNLis
a hyperplane section of a smooth complete intersection XN L. Thus Sing(XyNL)
is at most O—dimensional by [8]. Clearly L N Sing Xy C Sing(X g N L), therefore
dim(Sing Xy)-m —-1<0. |

In case of hypersurfaces a more precise statement was communicated to me by
N. M. Katz (cf. [11], Lemma 1).

LEMMA 4.4: Let X C P be a hypersurface. Then for any hyperplane H C IP we
have

dim(Sing X ) < dim(H N Sing X) + 1 < dim(Sing X) + 1.

Proof: Let X be given by a form f in variables z = (z1,... ,zn5),and H be
given by z; = 0. We have

HnSingX=XﬂHﬂ{x|g7(z)=0, i=1,...,N},

Sing X i =XﬂHﬂ{z|%(z) =0, i=2,...,N}.

Thus H NSing X is a subset of Sing Xy given by one equation %(z) = 0, hence
dim(H N Sing X) > dim(Sing Xg) — 1. |

* This is also proved in: S. Ishii, A characterization of hyperplane cuts of smooth
complete intersection, Proc. Japan. Acad. Ser. A. 58 (1982) 309-311.
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Recall that if X is singular, the dual variety X is defined as the Zariski closure
of the set of hyperplanes which are tangent to X at its smooth points.

LEMMA 4.5: Let P € X C P be an isolated singular point.
(a) If H 5 P is a generic hyperplane passing through P, then P is an isolated
singular point on Xy.
(b) If the dual variety X is not contained in a hyperplane, then the set of H
such that P is a non-isolated singularity of Xy, is of dimension at most
N -4
(¢} If X is a hypersurface of degree d, which is not a cone, and char(k) > d or

char(k) = 0, then we have the same conclusion as in (b).

Proof: The statement is local, so we can replace X by X' = (X \ Sing X)U {P},
which is an irreducible n-dimensional quasi—projective variety. We introduce

some notation:

V ={(z,H)|H € P,z € Sing((X' \ {P}) N H)},
Vo = {(z,H) € V|H 3 P}.

It is easy to see that V is a PY="~2_bundle over X'\ {P}, thus dim(V) = N —-2.
Since V5 C V, we have dim(Vp) < N —2. Now let us assume that (a) is not true.
Then for a generic H passing through P we would have dim(Sing(X' N H)) > 1,
implying dim(V;) > N — 1, which is a contradiction.

Let us now explore the situation when dim(Vp) = N —2. Since V is irreducible,
and Vj is closed in V', we have Vp = V. This says that every hyperplane tangent to
X at its smooth point passes through P. Thus X is contained in the hyperplane
dual to P, hence (b).

Assume that p = (1,0,...,0), and X is given by the vanishing of an irreducible
form f(z) of degree d. The tangent hypersurface at a smooth point z € X
passes through P if and only if %(z) = 0. Thus the proof of (b) implies that
%(z) = 0 for all z € X \ Sing X, hence X is contained in {:c];%e-(:c) = 0}. Since
X is not contained in a hypersurface of degree d — 1, the form %}(z) is zero.
Under the assumption that char(k) > d or char(k) = 0, X is a cone with vertex
P if and only if 5‘%(3) is identically zero. This proves (c). |

Let us now concentrate on the case of hypersurfaces with isolated singular

points.
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COROLLARY 4.6: Let X be a hypersurface of degree deg(X), with at most iso-
lated singular points, then 0 =1, dg = N —2,d; < N —3. If one of the following
conditions is satisfied:
(i) the dual variety X is not contained in a hyperplane,
(i) X is not a cone, and char(k) = 0 or char(k) > deg(X),
thend; < N —4.

Proof: There are two possibilities:H N Sing X = @, or H passes through a
singular point of X. In the first case dim(Sing Xy) < 0 by Lemma 4.4. In the
second case dim(Sing Xy) < 1 by the same lemma. We bound d; using Lemma
4.5. |

COROLLARY 4.7: Let X C P = PN~ be an irreducible projective variety not
contained in a hyperplane, dim(X) = n, dim(Sing X) = m.
(a) If X is singular (m > 0), then a(X) > 1 — &% for n > 3(N + m), and
a(X) 2 gz forn < 3 (N +m);
(b) If X is smooth, and the dual variety X is a hypersurface, then

1 1
> < (N —
a(X) > 2(N__n)forn__ 2(N 1),
N-2 1
a(X)>1- 7 forN—l—\/N—IZnZE(N——l),
n
[ S > -1 — 1.
a(X)Zz(N_l)forn_N 1 N-1

(c) If X is a singular complete intersection, then a(X) > %(_A;"—_';l;;

(d) If X is smooth complete intersection, then a(X) > TN

(e) If X is a hypersurface with at most isolated singularities, such that X is
not a cone , and char(k) = 0 or char(k) > deg(X), then a(X) > ﬂ’;{,—'}l;

Proof: (a) easily follows from Lemma 4.1 (b), (4.1), and the trivial bound
0 < n— 1. The statement (b) is a combination of Lemma 4.1 (a), Lemma 4.2,
and (4.1). The statements (c) and (d) follow from Lemmas 4.1 and 4.3. Finally,
(e) follows from Corollary 4.6. |

Note that the bound in (e) is the same as that in (d) for n = N —2, that is the
bound for smooth hypersurfaces is the same as that for hypersurfaces with only
isolated singularities. Note also that (d) coincides with (b) for small codimension.
This is certainly no surprise. A stronger result would follow from Hartshorne’s
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conjecture that a smooth variety X C PN-! is a complete intersection as soon
as n = dim(X) > 3(N - 1).

5. Applications to Distribution of Rational Points

Let z = (zy,... ,zn) and G(z) = {G1(z),... ,G¢(z)} be a system of forms
with integer coefficients defining an absolutely irreducible variety X C Pg =1 not
contained in a hyperplane. By Y C Ag we denote the corresponding affine cone,
that is, the affine variety defined by the same system G(z) = 0.

Consider the box of size b > 0 with the center in a € RV:

B(b) := {z|zi €R, |zi—ai|<b, i=1,...,N},

vol B(b) = (2b)N. We shall assume that b is an integer. If p # 2 is a prime and
b= (p+1)/2, we identify B(b) N Z" with F}.

Let X, C P, = Py ' be the variety given by G(z) = 0 over F, (the re-
duction of X modulo p), and similarly, }, C Aﬁ . For p # 2 the set of Fp-
points V,(Fy) is identified with the set of solutions of the system of congruences
G(z) = 0(mod p) in B((p + 1)/2). Define

L(G,b) :=#{z € B(b)|G(z) = 0},
Ny(G,b) := #{z € B(b)|G(z) = 0(mod p)}.

The computation of N,(G, b) for b = (p+1)/2 follows from the Weil conjecture
proved by Deligne. The aim of this section is to estimate N,(G,b) for b not too
small, b < p, and to obtain an upper bound for L(G, b) for large b.

We start with some remarks of scheme-theoretic nature similar to those in the
proof of Theorem 3.5. In a natural way, X extends to the scheme ¥ C Pz =
Pg’ ~1, such that X, = X xz F,. There exists an integer L large enough such
that X xz Z[L™'] is flat over Z[L™Y]. This implies that dim(%,) = dim(X),
deg(X,) = deg(X), for p { L. Let SingX be the subscheme of ¥ given by
adding to G(z) = 0 the equations describing that the rank of the Jacobian
matrix of G(z) = 0 is less than N — 1 — dim(X). The closed points of Sing ¥
over Z[L™] are the singular points of their fibres, (Sing X), = Sing%,, p { L.
Making L larger we can arrange that Sing X is flat over Z[L™!]. In particular,
dim(Sing X,) = dim(Sing X).
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In the same way, let T be the scheme in P xz-1) P whose closed points are
the pairs (z, H) such that z is a singular point of the hyperplane section of a
fibre of X by H. Let m; be the second projection P xz1-1 P — P. Define the
relative version of Z; as Z; := {H € P|dim(x;"(H)) > i}. Once again, we
enlarge L so that all Z; are flat over Z[L™]. Let Z;, = Z; Xz-1) Fp, then
dim(Z; ;) = dim(Z;), and therefore a(%,) = o(X) for pt L.

THEOREM 5.1: Let dim(X) = n. Choose a small € > 0, then for any prime p,
p > Ci(e,G), and for any integer b, p > b > Cy(e, G)p*~*X), we have

(1 —e)p™ N+ vol B(b) < Np(Y,b) < (1 +€)p" N vol B(b).

Remark: In particular, we get a bound for the smallest non-trivial solution of
a system of congruences. For p large enough, G(z) = 0(mod p) has a non-trivial
solution in the box B(b) of size b > b(G)p~*(X).

Proof: By the previous remarks, there exists L € Z depending on the equations
G(z), such that p { L implies that X, satisfies the same geometric assumptions
as X: X, is absolutely irreducible, not contained in a hyperplane, dim(X,) =
dim(X), deg(%,) = deg(X), and a(%,) = a(X). We assume that C;(¢,G) > L.

Let us recall the method of Fujiwara ({7], Thm.1). Let z = (2;1,...,zn) be
real variables. Define the counting function F(z) = 2N(1 — |z;|,...,(1 — |zn])
in the box |z;| € 1,7 = 1,...,N, and let F(z) = 0 elsewhere. Let e(2) :=
exp((2mv/—12), e,(z) := e(z/p) for z € Z.

LEMMA ([7], Lemma 1)): Assume that for any small € > 0, for any prime p >
Ci(e,G), and any b such that p > b > ¢y(e, G)p'~*X) we have

(5.1) (1-e)p" M vl B(b) < Y F(b7'(z - a)) < (1+€)p" N vol B(b).

z€ZN
PIG(x)

Then the conclusion of Theorem 5.1 is true. |

We continue to follow the proof of (7], Thm.1. Let z; = y; + pzi, z; € Z,
vi € {0,1,... ,p—1}. Note that p|G(z) if and only if p|G(y), that is, y € V,(Fp).
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Using the Poisson summation formula we obtain

Y. F(le—a)= ), Y Fb'(y-a+p))=

ez y€YV, (Fp) z€ZN
p|G(=)
= > X [ FE e peewa))de =
yGyp(Fp)uGZN
— O Y e(—(u(y—a)F(bp u),
yey,(r,) ueZN

where (u.z) = u1z; + ... + unzy, and F(z) is the inverse Fourier transform of
F(z), F(z) =2Ng(z1)...g(zn), g(2) = sin?(rz)/nx222. Since F(0) = 2N we get

Z Y ep(—(u(y —a)))E(bp u)
uEZN yEY,(Fy)

(5.2) —V°‘1,B("){#yp(w)+2-” > ep(<u-a>>ﬁ(bp-lu>sl(yp,—u>},

u€ZN\{0}

where S1(Yp,~u) = Y ey, (v,) ¢p(—(v.y)) in the notation of Section 3. Let
n = dim(X). Since dim(%,) = n, deg(X,) = deg(X), the Lang-Weil theorem

writes as
(5.3) [#Y5(Fp) — p"F'| < A(N, n, deg(X))p"+'/2.

The right hand side in (5.3) is at most Jep™*! if only p > (24(N, n, deg(X))/e)*.
It remains to show that for such a p and b > Cy(e)p'~*(X), the sum in (5.2) is less
than %é:p"‘“. Since F' vanishes at the non-zero integer points, and we assumed
b € Z, the terms with u € (pZ)" \ {0} do not contribute to our sum. Let us
divide ZN\ (pZ)" into subsets A,, s = —1,0,1,... ,n—1, defined by the following
property: u, := u(modp) is a Ey-point on the affine cone of Z, ;, \ Z,-1,. We
now estimate the corresponding sums. Let us write ), for the sum over u € 4,.
We have
14 < 151(Vps —u)l Y F(bp~"u).
uEA,

Since we have here that dim(SingX;4) = s, where X, is the hyperplane
section of X, by (up.z) = 0, we can use the bound (3.2): |S1(V,, ~u)| < cp™H*
The constant C depends only on N and the degrees of the equations of G by

Lemma 3.6.
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Recall that d, stands for dim(Z,). We now claim that if Z, # 0, then

(5.4) S Foptu) < CG) B )M
u€A,

Let us assume (5.4) for a moment, and show how to complete the proof of the
theorem. Since b > Cy(e, G)p*~*X)| where C3(¢, G) is not yet specified, we get

IZ.] < C(G)C(G)p™ 2 (b1 p)*
< C(G)C'(G)Ca(e, G) 4+ p 2 +a(X)(d+1)
< C(G)C'(G)Cale, G) ¥ Dpn 1,

Choosing C3(¢, G) large enough we arrange that |Z,| < 3(n + 1)~'ep™*?, thus
the sum in (5.2) is less than 1ep™*!. Combining this with (5.3) we obtain (5.1),
and thus prove the theorem.

The inequality (5.4) follows from (5.5):

(5.5) Y. Emu)<cW)md, p>po(W), 1<m<p.
up €W, (F,)

Here W C Ag is an affine variety defined by equations with integer coefficients,
dim(W) = d; W C A{ is the affine scheme defined by the same equations,
W, := W xz F,. The sum is over u € Z" such that the reduction of « modulo p,
denoted by uy, is a Fy-point of Wp. (The sum (5.4) is dominated by (5.5) with
W equal to the affine cone of Z,, m = pb~!.) Before proving (5.5) note that for
K = K(N) we have the following easy estimate (cf. [7], (6)):

(5.6) E Fla+m'u)<KmV,aeRY, m>1
wE€ZN

We prove (5.5) by induction on d. Ford = 0 and p > K'(W), we have #W,(F,) <
deg(W), hence (5.5) is bounded by K deg(W). In the general case we may assume
W irreducible. Let us remove SingW as a closed subset of dimension at most
d—1. Let W' = W\ SingW. Let Q be an algebraic closure of Q. Choose a
Q-point z = (z1,... ,2x5) on W', and let T; w be the tangent space to W at z,
dim(T,,w) = d. For a subset I = {i;,...,i4} C {1,...N} consider the natural
projection 7y : AN — A}, where A¢ is given by z; = 0, i € I. Clearly there exists
such a subset I for which 7 maps Tz,w isomorphically onto A%. The same is
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true for a Zariski open neighbourhood W of z, which we may choose defined
over Q. This implies that W is Zariski dense in W’'. We may remove W'\ W'’ of
dimension at most d—1. Then n; restricted on W" is a finite morphism of degree
deg(mr) = deg(W). If p is large enough, then the same holds for the reductions
of these varieties modulo p. Since F is the product of functions in one variable,
we can apply (5.6) first to the (zero-dimensional) fibres of 77, and then to the
base. Hence the sum over W" is bounded by deg(W)K?m?. &

THEOREM 5.2: There exists a constant C3 = C3(G) such that

L(G, b) < CsbN 1=,
Proof: We follow the proof of [7], Thm. 3. Choose a prime p in the range
p(1—a(X)~! <p< 26(1-(X)™!  Note that

L(G,b) S Np(G,b) < > F((2b)7'a).

zez¥
PIG(=)

We have b > ¢3(G)p' ~*(X). The proof of Theorem 5.1 then shows that for b large
enough we have (cf. (5.1)):

Ny(G,b) < ca(G)p" N+ vl B(b) < cs(GpN~N=n-D-a(X)™! g

For smooth complete intersections of codimension ¢, t = N — n — 1, this result
combined with Corollary 4.7 (d) gives ([17], Thm. 3):

(5.7) L(G,b) < Cs(G)eN -2+ v

We can note that the exponent in Theorem 5.2 involves the dimension of X and
a(X) as the only characteristics of X. In particular, (5.7) is best for complete
intersections of least possible degree, that is, for complete intersections of quadrics

(cf. the discussion and the references in [17]).

Example 5.3: Let X be a hypersurface with at most isolated singularities, which
is not a cone. (Clearly 3 is the least degree for which such hypersurfaces may
exist). Then we have a(X) 2 ﬂ% by Corollary 4.7 (e). Now it follows from
Theorem 5.2 that

(5.8) L(G,b) < C3(GRN 2%,

This bound coincides with Fujiwara’s bound for smooth hypersurfaces [6]. (The
exponent is the same as in (5.7) for t = 1.) |
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Example 5.4: Let X be a singular complete intersection of codimension ¢ =
N —n -1, dim(Sing X) = m. By Corollary 4.7 (c) we get

L(G,b) < Co(@BN - Fisdnss. g

Example 5.5: On the other hand, let X be a smooth variety of dimension n,
N-1-+N-12>2n2 %(N— 1), that is of codimension t = N —n — 1,
VN =1<t< }(N —1). Then by Corollary 4.7 we have a(X) > 1 — &£=2. Now

Theorem 5.2 reads as follows:

L(G,b) < C3(GpN 2+ %=t g
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